We perform classical 3D Monte Carlo simulations of ultracold neutrons scattering through an absorbing-reflecting mirror system in the Earth's gravitational field. We show that the underlying mixed phase space of regular skipping motion and random motion due to disorder scattering can be exploited to realize a vectorial velocity filter for ultracold neutrons. The absorbing reflecting mirror system proposed allows beams of ultracold neutrons with low angular divergence to be formed. The range of velocity components can be controlled by adjusting the geometric parameters of the system. First experimental tests of its performance are presented. One potential future application is the investigation of transport and scattering dynamics in confined systems downstream of the filter.
I. INTRODUCTION
Neutrons are conventionally referred to as ultracold when their energies are so small that they are totally reflected from materials irrespective of the angle of incidence. Typically, neutrons are in the ultracold regime at energies below a few hundred neV (depending on the material); this allows them to be stored for long periods in material or magnetic traps [1, 2] . UCN are produced in a research reactor by extracting the low-energy part of the Maxwellian spectrum of cold neutrons. Considerable progress has been made [3] [4] [5] [6] [7] over the last decade to produce superthermal sources of UCN experimentally [8] . Well known UCN physics applications include measurements of the neutron electric dipole moment [7, 9] and of the neutron half-life time [9] as well as the observation of the UCN quantum states in the Earth's gravitational field [10, 11] .
UCN can also serve as a powerful tool for studying quantum chaos [12] , the scattering of ultracold fermions [13, 14] and the transport of fermions in confined geometries in the presence of only short-ranged interactions, while eliminating distortions by Coulomb correlations and interactions. For these kind of experiments, a UCN beam with well-defined velocity and angular distribution is needed. However, in experiments without an additional selector, this is hard to achieve since the velocity spectra in the initial UCN beam are usually broad. In this paper we assess, theoretically and experimentally, the efficiency of a band-pass filter for the vectorial velocity of UCN to form a beam of UCN with a well-defined velocity distribution and small angular divergence. The filter consists of a neutron absorbingreflecting mirror system (ARMS) similar to the setups * larisa.chizhova@tuwien.ac.at already proposed and used for the investigation of neutron quantum states [10, 15, 16] , the preparation of wave packets to study the dynamics of the quantum bouncing ball [17] or the highly-efficient extraction of UCN from storage volumes [18, 19] . In contrast to these earlier works however, we operate this system in the classical parameter regime; it thus serves as a beam shaper, thanks to its mixed regular and chaotic phase space structure with (moderately) high flux. For sampling the classical phase space we employ the classical trajectory Monte Carlo (CTMC) method which ignores all quantum effects related to diffraction, localization, correlation volumes, finite correlation length etc. [20] [21] [22] . The limits and validity of a classical description for ultracold neutrons have been extensively discussed in the literature (see for example [20] [21] [22] [23] ). The good agreement between our theoretical analysis and the experimental results in the regime of large mirror separation does suggest that our classical simulation provides a good approximation to the situation in the experiment. This classical scattering analysis also allows us to derive analytical estimates for the cut-offs of the components of the velocity vector after the filter. We expect this mirror system to provide a well controlled incident flux of UCN for future quantum transport, quantum scattering and quantum chaos experiments. Figure 1 shows a schematic view of the proposed absorbing-reflecting mirror system (ARMS). The UCN beam from the neutron guide crosses a collimator and enters the ARMS which consists of two horizontal borosilicate glass plates, or mirrors, separated by a distance . We investigate this system in the classical regime, where quantum effects such as diffraction or interference [20] and localization [24] can be neglected. This helps to form a beam with (moderately) high flux. Moreover, the properties of the ARMS can be described by a classical phase space analysis. The two glass plates are separated by two spacers; these are rectangular blocks with height and length equal to the mirror length (see Fig. 8 (b), not shown in Fig. 1 ) placed symmetrically on each side of the glass plates. For the experiment, the spacers are made of brass which is nonmagnetic and has a comparatively low critical velocity . The roughness of the inner surface of the upper mirror is characterized by the amplitude of the disorder and its correlation length . A typical surface profile measured with a scanning electron microscope is shown in Fig. 2 . The inner surface of the lower mirror is flat allowing for specular reflections. The flux of the final emerging beam consists of the neutrons traversing this device without being absorbed by the glass plates (or spacers). The flux can be measured by a detector with a surface area of × (Fig. 1 ). To understand how this device functions as a velocity filter and beam shaper, we analyze the classical phase space of this system with mixed regular-chaotic dynamics. A neutron traveling between the two mirrors has three degrees of freedom and its Hamiltonian is given by
II. SET-UP OF THE FILTER
where is the Earth's gravitational acceleration and ( , , ) describes the potential of the walls approximated by
where is the Fermi pseudopotential to be discussed in more detail below and ( , ) describes the disorder landscape of the upper disordered surface. The Hamiltonian in Eq. (1) governs the trajectories in 6-dimensional phase space. We note parenthetically that quantum simulations for the present system in its full dimensionality are still out of reach (see, e.g., [16, 26, 27] ). For the parameter regime under investigation, a classical description is expected to be valid, as the discrete nature of the transverse energy due to the confined potential Eq. (2) is negligible in the limit of wide openings, i.e. for large quantum numbers with many thousands of open scattering modes (for = 200 m typically 10 3 ). Moreover, since the de Broglie wavelength of the UCN ( 100 ) is much smaller than the typical surface roughness (∼ 2 m), quantum and classical dynamics are expected to closely resemble each other.
A useful method for the visualization of classical trajectories lying on the 5-dimensional isoenergy surface in multi-dimensional phase space is the projected Poincaré surface of section. This method is particularly useful for answering the question whether the system is integrable or not -also in cases like the present one, where the trajectories lie on different isoenergy surfaces due to the thermally distributed inital conditions of neutrons leaving the wave guide [28, 29] . We start from a fourdimensional surface of section given by a cut at the system exit = and impose periodic boundary conditions in direction to visualize the different types of trajectories (regular vs. chaotic) present in the system [28] . (Note that no periodic boundary conditions are present in the real system, where the Poincaré surface of section would consist only of a single intersection of each neutron trajectory at the moment the neutrons leave the mirror setup). We then project the surface of section onto the ( , ) plane for > 0. Fig. 3 clearly displays two types of motion (note that due to time-reversal symmetry the surface of section for < 0 is equivalent). The large regular island at the center corresponds to the neutrons repeatedly bouncing off the lower mirror in the Earth's gravitational field (skipping motion, [30] ) and traveling through the filter without touching the rough upper wall. For this motion the degrees of freedom are separable and the trajectory intersection lies on a smooth curve in the ( , ) plane. The equation for this curve = ( ) follows from the Hamiltonian ( , ) = 0 being the integral of motion and independent of the other two degrees of freedom. It is explicitly given by
where ℎ is the maximal height that a neutron can reach for a given energy 0 = ℎ. For large (typically 200 m in our experiment) the regular island associated with skipping motion supports a large number ( 40) of transverse quantum states (though still a small subset of all open modes), indicating that the flux associated with the island is in the (semi) classical regime. Since this flux scales with 3/2 (the area of the island), large are advantageous for achieving a (relatively) high flux.
The region of skipping motion in phase space is the complement to the region of chaotic motion of the neutrons scattering off the disordered upper surface creating the chaotic sea in phase space. In the latter case, due to the roughness, the degrees of freedom are not separable and additional integrals of motion, besides the total energy, no longer exist. Therefore, the intersection of a randomly scattered trajectory with the projected surface of section does not form a smooth curve but shows chaotic behavior instead [28] .
The interaction of the neutrons with the surface of the glass walls and the spacers is described by a Fermi potential which characterizes the low-energy nuclear scattering of surface atoms [1, 2] and can be written as
where is the neutron mass, is the scattering center density and is the coherent nuclear scattering length. The imaginary part of the potential is determined by
where is the neutron velocity and is the absorption scattering cross section due to the interaction of neutrons with nuclei of surface atoms. The absorption results from neutron capture by nuclei accompanied by emission ofrays or charged particles. This effect is accounted for in our description of elastic neutron transport by introducing the effective imaginary potential in Eq. (4). In the classical simulation, it gives rise to a loss probability for the trajectories discussed below (see Eq. (6) and Eq. (7)).
The real part of the Fermi potential determines the critical energy and velocity of the neutrons which are reflected. If a neutron has higher kinetic energy in the direction normal to the surface than the real part of the Fermi potential of the surface material ( ⊥ > ), it penetrates the wall and is considered to be lost. The surface roughness gives rise to nonspecular reflection and, thus, to the transfer of longitudinal ( ‖ ) to transverse ( ⊥ ) energy of neutrons. As a result, the total absorption is enhanced by surface disorder. Consequently, neutrons scattered off the upper wall, i.e., neutrons undergoing chaotic scattering, are eventually removed from the transmitted current. The effective removal of neutrons with unwanted velocity components ⊥ > is key to the beam-shaping properties of the filter. Materials with (relatively) low are therefore advantageous. Even for ⊥ < the reflection probability from the mirror surfaces is below one due to an exponential penetration of the wave function into the barrier (tunneling). The reflection probability of the neutron from the steplike potential barrier follows as (e.g. see [2, 31] 
where 0 and are the normal components of the wave vector in vacuum and in the medium. For the case ≪ (usually is 10 4 times smaller than ) the reflection coefficient, to first order in / , becomes [2, 32] 
with ⊥ < . This expression contains the important wall-loss probability per bounce, ( ⊥ ), which drops to zero for vanishing imaginary part of the Fermi potential. In this case the cross-section for neutron capture in the walls is zero, resulting in total reflection, = 1. It should be noted that the loss factor / = /4
is independent of the neutron velocity since is proportional to 1/ [1] . Multiple scattering leads to preferential depletion of the chaotic region of the phase space since the number of bounces off the walls for chaotic scattering trajectories is much larger than for skipping trajectories.
III. MONTE CARLO SIMULATION
To explore the implications of the mixed phase space structure analyzed above for the neutron transport through the ARMS, we perform a full three-dimensional Monte Carlo simulation using the typical geometric parameters of the ARMS and realistic initial distributions of the neutron beam.
A. Geometry of the set-up
Two square plates are used for the two parallel absorber-mirrors, with = = 10 cm (see Fig. 1 ). In order to achieve a sizeable flux and to stay within the classical regime for the distance between the two mirrors, a relatively large value of = 250 m is used. The mirrors are made of borosilicate glass and have a critical velocity = 4.3 m/s and a loss factor (see Eq. (7)) of / = 0.0015 [1] . The brass spacers shown in Fig. 8 (b) have a critical velocity = 5.3 m/s [1] . To simulate the landscape of surface disorder ( , ) in the Hamiltonian of Eq. (1) with realistic spatial correlations we use a convolution method with a Gaussian correlation function
The description of this method can be found in [33, 34] . The amplitude and the correlation length of the surface disorder in the simulations are chosen to be = 3 m and = 2 m, taken from the measured surface profile (Fig. 2) . The distance between collimator and mirrors is = 18 cm. The distance between the lower collimator edge and the lower mirror surface is ℎ = 5.4 mm. The size of the collimator opening is × = 8 cm ×2.7 mm. We emphasize that the present simulation of the two-mirror setup, taking into account also the transverse degree of freedom , is fully three-dimensional, unlike earlier two-dimensional models for similar systems. (TOF) measurements. In these measurements the neutron beam is periodically chopped (see, e.g. [35] ). After this chopper, the neutrons traverse a neutron guide of known length before they are detected with the help of a neutron counter. The detector electronics also receive one logical signal per turn of the chopper blade and thereby measures the time of flight of the neutrons.
The time-of-flight spectrum of the ultracold neutron beam at the Institute Laue-Langevin was measured with this method and corrected for the chopper offset [36] . The opening function of the chopper was deconvoluted and with the help of the distance-of-flight, the corresponding velocity spectrum was extracted. The resulting normalized distribution of the forward velocity indirection (Fig. 4) will be used as the initial distribution function for .
Although it is difficult to measure the transverse velocity components and , partial information on the angular distribution ( ) of the beam are available (see, e.g. [1, 37] ). ( ) depends on the ratio of length to radius of the neutron guide. Since the angular distribution for the pipe which was used for the TOF measurement is unknown we perform our calculations for two distributions which correspond to the following limiting cases: in the case of the ratio ≫ 1 the angular distribution is well approximated by ( ) ∼ cos( ) and in the case of a short pipe with 1 the angular distribution is uniform. Because of the cylindrical symmetry of the pipe and the small angles involved, we consider the distributions ( ) and ( ) to be identical and either cosine or uniformly distributed. We characterize in the following the vectorial velocity distribution of the neutron flux through the ARMS by the Cartesian angles,
Controlling and reducing the divergence, in particular in , of the UCN flux is a key feature of the ARMS , providing a well focused beam for quantum transport studies in the gravitational field. Since the inner surface of the cylindrical neutron guide is coated with 58 Ni, which has a critical velocity of 8.07 / , the velocity component normal to the guide surface at the pipe exit ⊥ = √︁ 2 + 2 must be less than 8.07 / . The initial vectorial velocity distribution is randomly sampled from these distributions. The coordinate distribution of the neutron beam in the plane of the collimator opening is assumed to be uniform. The classical equations of motion are integrated for a large number of initial conditions ( = 0). Calculations start at the collimator opening with initial conditions randomly selected for each particle from the distributions discussed in this subsection. The number of neutrons that reach the mirror slit entrance is kept fixed at 5·10
5 for the results presented in this section to reduce statistical errors. The propagation inside the slit includes absorption by the walls and spacers when the kinetic energy perpendicular to the surface is larger than the Fermi potential. The wall-loss probability per bounce Eq. (7) is included as a stochastic process for each collision with the wall.
C. Simulation results
An example of the trajectory distribution between the two mirror plates viewed from the top of the system is shown in Fig. 5 . The trajectories depicted here are calculated for 3000 different initial conditions lying inside the region of chaotic scattering. For better visibility we have restricted the initial conditions to = 0 and = 0. For the same reason we do not show the skipping trajectories, as they would have coalesced into a single line ( = 0, in this case) and would reduce the contrast of the irregular scattering pattern.
Typical results of the classical Monte Carlo simulations of the full 3D filter system are presented in Fig. 6 , where distributions ( ) of the absolute value of the total velocity (a) as well as the , and velocity components (c-d) at the detector position are shown for an initial cosine angular distribution. If a uniform initial angular distribution in the beam is used instead, the results hardly differ from the ones presented in Fig. 6 . This is a consequence of the fact that the initial maximum angles are relatively small ( ∼ 26 ∘ and ∼ 7 ∘ ). Therefore, the uniform and cosine distributions do not significantly differ from each other. The angular distributions ( ) and ( ) after passing the ARMS are presented in Fig. 6 (e, f).
Certain key features of the vectorial velocity selection and beam-shaping properties of the ARMS stand out: the longitudinal ( ) velocity becomes more monoenergetic reducing the initial velocity spread (FWHM) at the collimator opening (see Fig. 4 ) from Δ( ) ≃ 7 / to Δ( ) ≃ 2 / . The width (HWHM) of the angular distribution about the forward direction is reduced to Δ( ) ≃ 0.3 ∘ while Δ( ) ≃ 7 ∘ (see Fig. 6(e, f) ). This selectivity for the 3D velocity vector distinguishes the present filter from the large number of velocity filters in use employing chicanes or cranks (see, for example, [1, 38, 39] ) which act mostly as energy filters selecting neutrons according to their absolute velocity = √︁ 2 + 2 + 2 . The filters based on quantum interference in layered systems (see, for example, [1, 40] ) address only the Cartesian component perpendicular to layers closely resembling projected band gaps in the electronic band structure. In order to examine the processes underlying the filter, we analyze the Poincaré surface of section = in the phase space projected onto the ( , ) plane for the case of a cosine angular distribution ( Fig. 7(a) ) which prominently displays a regular island of skipping motion with a dense non-uniform distribution. The presence of this regular island plays a key role in the operation of the ARMS. The distribution of the chaotic scattering trajectories is barely visible in this plot since they spread out over a much larger region in phase space.
D. Analytic estimate of the velocity band-pass
Each velocity component distribution can be decomposed into contributions from skipping and chaotic scattering trajectories (blue dotted and green dashed lines in Fig. 6 ). For the skipping part of phase space it is possible to provide an analytical estimate for the velocity range, i.e. for the minimum and maximum velocity of the neutrons passing through the filter. The shape of the distributions is more difficult to estimate since it strongly depends on the initial velocities in the neutron beam. To obtain the shape of the distributions we thus rely on the CTMC simulations. The velocity limits are, however, independent of the initial distribution (provided it lies within the skipping region of phase space) and can be analytically determined. The band-pass in the forward direction, , determining to a good degree of approximation the energy spread of the UCN beam, can be calculated as follows. The maximum (minimum) velocity corresponds to the minimum (maximum) time of flight between the collimator and the glass mirrors
Moreover, neutrons have to enter the mirror system in the skipping region: neutrons do not touch the upper rough surface if the vertical velocity component at the collimator lies in the interval
where is the distance between the lower glass plate and an initial -coordinate of the neutron at the collimator opening. By taking the motion in -direction into account we can calculate the neutron time of flight between the collimator and the glass mirrors (Eq. (10)),
where 0 = ( = 0) is the initial vertical velocity and is the velocity component at the mirror entrance slit,
Here is the vertical distance from the point where the trajectory enters the ARMS to the lower mirror. Eq. (10) and Eq. (12) give as a function of 0 and ,
For the fastest (slowest) neutrons the denominator in Eq. (14) has the smallest (largest) value corresponding to the −(+) sign. Also, the absolute value of in Eq. (13) attains its maximum for = 0 and for 0 at its maximum value (Eq. (11)). In addition takes on the smallest (largest) possible value. The two trajectories with maximal and minimal are illustrated in Fig. 8 (a) (side view) and correspond to the velocities
where ( ) is the distance between the upper (lower) edge of the collimator opening and the lower glass plate (see Fig. 8(a) ). Eq. (15) represents the analytic estimate for the velocity band-pass for . Obviously, the velocity range in Eq. (15) is only controlled by the geometric parameters of the system and can be tuned accordingly.
The range of vertical velocity component for transmitted trajectories undergoing skipping motion giving the upper bound for the angular divergence in can be obtained from the requirement that neutrons do not touch the upper wall inside the mirror slit, i.e.,
We note that the observed angular divergence Δ (HWHM) is smaller than estimated from the upper bound given by Eq. (16) (see Fig. 6(d, f) ). The range of the component can be found from Fig. 8(b) representing the top view of the system. The figure shows the trajectories with the largest angles that can still be detected. In the presence of spacers we find
where is the size of the collimator opening in thedirection. Without spacers the allowed velocity range is reduced to
since the neutrons that would have been reflected from the spacers and kept within the system are now lost. The range is also only dependent on the geometric parameters of the system and can be tuned as well.
The limits Eq. (15 -17) are depicted in Fig. 6 (b-d) as dashed vertical lines and coincide with limits for the distributions of the skipping states (blue dotted lines) obtained from Monte Carlo simulations. It should be noted that the band-pass filter limits for the and velocity components are separable, i.e. independent of the other Cartesian components of the velocity vector and only controlled by geometry. Only the limit depends, in addition to geometric parameters, on the maximum velocity in the -direction. Consequently, the ARMS can serve as a band-pass filter for the full vectorial velocity ⃗, although only for skipping motion.
As the filtering process only functions for the regular island of skipping motion, it is now crucial to inquire into the relative weight of skipping vs. chaotic trajectories and to identify parameters to enhance the relative weight of the skipping region of phase space. The fraction of the flux transported by the regular island determines the flux of the UCN beam shaped by the ARMS. For the case depicted in Fig. 6 , the fraction of chaotic scattering trajectories where Γ , denotes the volume in phase space pertaining to either chaotic (c) or skipping (s) motion, is = 0.27. This fraction can, however, be reduced (see Fig. 9 ) by exploiting the fact that chaotic trajectories executing many random bounces off the mirror are subject to enhanced absorption (see Eq. (7)). For example, for the distributions in Fig. 6 , the absorption by wall collisions suppresses the flux of chaotic scattering trajectories at the detector by 12%. In contrast, the flux of neutrons undergoing skipping motion is reduced by only 0.2%, because of the drastically different number of collisions for chaotic scattering and skipping motion (for this example ∼ 500 and ∼ 10, respectively). By further increasing the number of bounces the phase space region associated with chaotic scattering can be reduced even further. Trajectories belonging to Γ give rise to a broad velocity distribution at the detector extending well beyond and the band-pass (Eq. (15-17) , see Fig. 6 ). The low-velocity neutrons correspond to trajectories with a large number of bounces. Since the total velocity of these neutrons is less than they do not penetrate the walls. The leading loss mechanism is given by Eq. (7) which reduces the number of such neutrons but does not completely remove them. A simple estimate for reflection losses (without taking into account the angular dependencies) is ∼ exp(− / ), where N is number of bounces and / = 0.0015. Suppressing the amount of these low-velocity neutrons to the (−3) level would require ∼ 2000 or more wall collisions or a surface coating of the rough surface with a larger absorption cross section. The high-velocity part of the spectrum corresponds to neutrons undergoing only a few collisions with the rough wall. The normal velocity, ⊥ , remains below allowing these particles to travel through the mirror system without being lost.
One more aspect to be discussed is the influence of spacers. Our Monte Carlo simulations indicate that 34% of the total number of trajectories (24% from skipping motion and 10% from chaotic motion) are reflected from the spacers. We consider spacers to be flat and perfect specular reflectors, i.e. only changes sign after scattering. Realistically, the spacers do have a rough surface as well as other surface imperfections and thus may also give rise to randomization of the reflection angle. This can contribute to the irregular part of the phase space. For example, skipping trajectories can become chaotic scattering trajectories after a single reflection from a spacer. In the following we focus on the system without spacers.
E. Suppressing the chaotic scattering contribution
Controlling chaotic scattering trajectories requires tuning the surface disorder and the length of the mirror system. In particular, the chaotic part of the phase space can be suppressed by increasing the number of wall collisions as discussed in section III D. Enhancing the number of bounces is accomplished by either increasing the length or decreasing the width . Furthermore, a variation of the amplitude and correlation length allows us to modify the number of wall collisions and, moreover, to control scattering into states with ⊥ > . The sensitivity to variations in the available control parameters is shown in Fig. 9 . While the fraction of chaotic phase space strongly decreases with , the variation with is much weaker. Accordingly, does not simply scale with / . This is, in fact, due to the presence of additional relevant length scales, and . and, thus, the chaotic scattering contribution outside of the filter band-pass can be minimized for a long mirror system (large ) with short-ranged surface disorder (small ) and large disorder amplitude . Clearly, the price to pay for this purification of the beam is the reduction of the overall transmission probability (typically 10 %).
Since a variation of the amplitude or the correlation length of the surface disorder might be difficult to achieve experimentally, a practical approach is to vary the length of the mirrors. In Fig. 10 we present distributions of the total velocity and its Cartesian components , and in the absence of the spacers and for twice the length ( = 20 cm) of the ARMS compared to the previous settings (Fig. 6) . The initial angular distributions entering the CTMC simulation are, as before, cosine distributions (results for uniform distributions are hardly different). The contribution from chaotic scattering trajectories to the velocity distributions is now suppressed and the spectra consist predominantly of skipping trajectories (see Fig. 6 for comparison) . Although the high-velocity part of the spectra (see Fig. 10(a, b) ) outside the upper filter limit has disappeared, there is still a small contribution of chaotic scattering trajectories at velocities below the lower cut-off of the filter. This part corresponds to neutrons with an energy smaller than the Fermi potential of the mirrors and with a number of bounces not high enough to be absorbed due to repeated wall collisions. Because of an increasing number of bounces the distribution within the regular island at the detector position, shown in Fig. 7(b) , is more homogeneous than that of Fig. 7(a) . From the fraction of the total number of detected neutrons (Fig. 9(a) ), it can be seen that the accumulation time for good statistics is of the same order as for the setup previously discussed in section III A.
IV. FIRST EXPERIMENTAL TEST
We performed the first experimental test of the ARMS' beam-shaping properties at the ILL (Institut LaueLangevin). Due to the limited UCN flux, it was not possible to make direct time-of-flight measurements of the resulting velocity distribution. We therefore probed the reduction of the angular divergence by confining the trajectories to the skipping island. The ARMS' geometry was slightly modified, by displacing the upper mirror horizontally by (1.5 ± 0.1) cm (see Fig. 11 ). This shift was introduced to be able to align the mirrors properly in the experiment and is fully accounted for in the corresponding (CTMC) calculations. Differences between the results for mirror setups with and without this shift will be discussed below. . The position of the upper collimator plate was fixed throughout the experiment. We set the position of the upper collimator plate at a distance to the lower mirror of (2.5 ± 0.08) mm. The collimator opening was varied by moving the lower collimator plate. The flux entering the ARMS can be modified by changing . The measured outgoing flux ( Fig. 12(a) ) is controlled by the fraction of incident flux resulting in the regular island of skipping motion. In agreement with the simulation, the outgoing flux saturates for 2 (see Fig. 12(b) ) indicating that the population of skipping trajectories cannot be enlarged by further increasing . For the simulation we used an initial velocity distribution similar to that of Fig. 4 ; the maximum was shifted by 2 m/s however, to account for the difference in the position of the beam pipe compare to the TOF measurements in [36] .
In the second part of the test, we measured the position distribution ( ) with the track detector [41] . The trajectories belonging to the regular island can only reach positions ≤ . By contrast, trajectories belonging to the chaotic sea that would hit the rough upper surface if the upper mirror had not been displaced horizontally (see Fig. 11 ) are now able to reach higher values of ≥ because of the slit opened up by the shift. The ( ) distribution allows us to determine the flux associated with the regular island that is both confined in space ( ≤ ) and angle Δ . For this measurement, we fixed the position of the upper and lower collimator plates relative to the lower filter mirror at (3.3 ± 0.1) mm and (7.3±0.1) mm respectively. We placed the track detector recording the position ( -and -coordinates) of the neutrons which had traversed the ARMS after the filter. The -coordinate distribution of the detected neutrons after integration over the -coordinate is shown in Fig. 13 , together with the result of the simulation. The background noise level is indicated by the horizontal dashed line. ( ) is confined to the distribution associated with the skipping motion to a good degree of approximation ( Fig. 13(b) ). However a small fraction of (4.45 ± 0.73)% lies above = and is associated with chaotic trajectories. This is because the position of the collimator plates was not optimized for the filter, as the position had been chosen in order to ensure high neutron flux through the ARMS (given the time limits of the experiment). Therefore the velocity filter allowed for the transmission of a small amount of neutrons on chaotic scattering trajectories. This fraction can be easily suppressed by adjusting the collimator slit settings.
This first test demonstrates that a well collimated beam of UCN can be formed by transmission through the ARMS. The ( ) distribution provides not only direct evidence for the spatial confinement but also indirect evidence for the small angular spread in .
V. CONCLUSION We demonstrate in this work that an absorbingreflecting mirror system (ARMS) can be used as a bandpass filter for the 3D velocity vector ⃗ of ultracold neutrons. Full three-dimensional Monte Carlo simulations of the propagation of UCN through the system have been performed. The efficiency of the filter is explored as a function of the geometric control parameters, and the underlying scattering phase space structure is analyzed.
The proposed setup features a mixed phase space, corresponding to two types of motion: regular skipping trajectories bouncing off the lower wall only, and chaotic scattering trajectories which also scatter off the upper plate with surface disorder. These different classes of motion give different contributions to the total velocity distribution of the detected neutrons. The fraction of neutrons contributing to the transmitted flux in the irregular part of the phase space is controlled by the number of scattering events at the rough absorbing mirror; they can thus be effectively suppressed by increasing the length of the mirror system or by increasing the roughness. We have shown that by optimizing the geometric parameters of the filter or the surface disorder, the fraction of neutrons arriving at the detector originating from the chaotic sea of the phase space can be reduced to 5% (or less) of the total number of the detected neutrons. Since skipping motion is regular and well controlled, transmission is only possible for a limited window of full vectorial velocities, thus creating a band-pass filter. The filter's limits can be determined analytically. They depend only on the geometric parameters of the system and are independent of the initial velocity distributions at the exit of the neutron guide, which are usually only partly known. The system proposed delivers neutrons emanating essentially from the regular island with a well-defined velocity range, while suppressing the trajectories from the irregular part of the phase space. We conclude that the ARMS can serve as a shaper for beams of UCN with small angular divergence.
We expect this type of filter system to be highly beneficial for a variety of experiments with ultracold neutrons. In particular it could be used as a convenient preparation stage for sampling a neutron beam of a desired velocity distribution. For example, beams with a well-controlled transverse velocity are required for experiments probing scattering dynamics in the deep quantum regime (see, e.g., [42] ) where quantum states in the gravitational field can be explored. 
